Abstract A distributed model of anaerobic digestion of solid waste was developed. Waste, volatile fatty acids (VFA), methanogenic biomass and methane concentrations were the model variables. A system of parabolic partial differential equations in the one space variable and time with slab, cylindrical or spherical symmetry of the problem was solved numerically. Diffusion of VFA inhibiting both polymer hydrolysis and acetoclastic methanogenesis was taken into account. The model showed that concentration waves of methanogenic biomass and VFA propagated over reaction space. Diffusion-based "acceleration" of methane production in the reactor was possible when intensity of VFA utilisation in the methanogenic area was sufficient for complete digestion of incoming VFA. Otherwise, methanogenic area propagation would be suppressed. Optimum conditions for the solid waste digestion can be reached at low mass transfer at the beginning and at high mass transfer when methanogenic population increases. If the initial methanogenic biomass was localised at the centre of the reactor, the total reaction time was shorter as compared to the case when the initial biomass was uniformly distributed over the reactor volume. In the last case, there was no concentration wave propagation.
Introduction
Batch, solid-state degradation is carried out in engineered landfills and bioreactors. The importance of heterogeneity of the solid waste substrate for the rate of solids degradation was reviewed recently by Martin (2001) . Acidogenic and methanogenic pockets composed of fresh biowaste and seeding of methanogenic material were used in the laboratory experiments by Veeken and Hamelers (2000) . They showed that a reactor performance could be improved by increasing the leachate recirculation rate. The intensive recirculation prevented irreversible acidification of seed and inhibition of biowaste. Many attempts have been made to describe the total rate of the process in the landfills by the first-order kinetics, however the fit was often poor. To describe the two-step kinetics of polymer hydrolysis during anaerobic digestion of solid wastes, the <Methane> simulation model has been developed Salminen et al., 2000) . This model of a completely mixed reactor that takes into account inhibition of hydrolysis by high VFA appeared to be in good agreement with the batch experimental data, however it did not consider the mass transfer processes. Another model of anaerobic digestion of solid waste which accounted for space heterogeneity in a one-dimensional reactor was developed by Vavilin et al. (2001) . The objective of this work was to formalise a description of dynamics of anaerobic solid waste digestion in a reactor with axial symmetry and analyse the effect of mass transfer and initial biomass distribution in space on solids degradation rate.
Methods
Batch mesophilic (30°C) degradation of source-segregated and pulverised (maximum particle size 10 mm) organic fraction of houshold waste originated from Mustankorkea waste treatment plant (Jyväskylä, Finland) was studied in case (i). Mesophilically digested sewage sludge (Viinikka, Tampere, Finland) was used as inoculum. Experimental data of waste, VFA and methane concentrations were used for model calibration. The model was also used to describe dynamics of batch solid waste anaerobic digestion (case ii) reported by Lagerkvist and Chen (1992) .
An anaerobic reactor with slab, cylindrical or spherical symmetry (n = 0,1,2) was considered. Introducing X to be the only space co-ordinate of the reactor and assuming a full mixing conditions for the other co-ordinates, the distributed model was written as a system of partial differential equations with the corresponding initial and boundary conditions:
( 1) where W ∫ W(X,T) ≥ 0; S ∫ S(X,T) ≥ 0; B ∫ B(X,T) ≥ 0; P ∫ P(X,T) ≥ 0 are the solid waste, VFA, methanogenic biomass and methane concentrations, respectively; 0 ≤ T < + ∞ is time; 0 ≤ X ≤ L is the space co-ordinate; k is the first-order rate constant of hydrolysis; u m is the maximum specific rate of VFA utilisation; k d is the biomass decay coefficient; c is the stoichiometric coefficient; A = 16/60 is the fraction of methane in biogas; K s is the halfsaturation constant; Y is the yield coefficient; D S , D B , D W , are the diffusion coefficients of VFA, biomass and waste, respectively (D S >> D B >> D W ). The results obtained for the reactor with cylinder symmetry (n = 1) are presented below. It is assumed that methane gas releases in the Z-direction and contributes to the formation of full mixing conditions. Dimensionless functions f(S) and g(S) characterise VFA hydrolysis and methanogenesis inhibition by VFA, respectively. We selected the explicit forms of f(S) and g(S):
where K f ≥ 0, K g ≥ 0, m f ≥ 1 and m g ≥ 1 are the model constants. Initial distributions through the co-ordinate X were the following: (3) where η = σ, ϕ; γ 1 , γ 2 ,. . .,γ 5 are the distribution coefficients. For a methane volume it was assumed that w(X) = 0. Functions (3) fit to the boundary conditions and describe the situation at which the initiation methanogenic area is located close to the centre of the reactor at X = 0. ; exp . , Vector-oriented software (for example, MATLAB) can be used for numerical solution of the model (1). After calibration of the model, the following coefficients were appointed for the initial distributions (3):
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Cumulative methane volume was calculated using the values of the reactor volume of 2.85l (i) and 17.6l (ii).
Results and discussion
Case (i). Low effect of mass transfer. Figure 1 shows the model dynamics after calibration. The model parameters are listed in Table 1 . Initial concentration of VFA was low. From Figure 1 one can conclude that a rapid increase in VFA concentration efficiently inhibits the hydrolysis. A high m value was chosen to describe a sharp decrease in the hydrolysis rate at t = 3-4 days.
Additional simulations showed that variation of D S values in a wide range from 5 × 10 -7 to 5 × 10 -1 L 2 /day had no influence on the dynamics of the process shown in Figure 1 . This was due to the fact that VFA concentration neither significantly inhibits nor limits the methanogenesis. Exponential growth of the biomass determines the cumulative methane volume. However, the spatial distributions of the model variables depend on the value of the diffusion coefficient. At high D S , the methane production was most intensive in the centre of the reactor where the initial biomass concentration was maximal. Contrarily, at low D S , the methane production in the centre of reactor where the initial solids and VFA concentrations were minimal was slow.
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251 Figure 1 Concentrations of waste, VFA and biomass averaged over the total reactor volume and cumulative methane volume produced for batch digestion in case (i). Symbols: experimental data; lines: model (1) predictions Table 1 Model parameter values Figure 2 shows the model dynamics after calibration. The model parameters are presented in Table 1 . Initial VFA concentration is high; therefore hydrolysis and methanogenesis are strongly inhibited. Table 1 (ii) were used for calculations volume produced in case (i) is much lower than in case (ii) because of the lower reactor volume. Let us formalise the conditions of a diffusion-based "acceleration" of methane production in the reactor, when intensity of VFA utilisation in the methanogenic area Θ is sufficient for the complete digestion of incoming acid flow. The following relationship should be written for all T > T 0 : (4) where R H is the rate of VFA production by hydrolysis; R M is the rate of VFA consumption by methanogens; J Θ is the incoming VFA flow through the boundaries of the Θ-area due to diffusion; T 0 indicates the start moment. Otherwise, the acidogenic area expands because of the inhibition of methane production by excess VFA. From the model (1) we can evaluate the effect of different model parameters on R M and R H values. The key parameters for methanogenesis are the maximum specific rate of VFA utilisation v m , initial biomass concentration B 0 , diffusion coefficient D S and corresponding inhibition constants K f and K g . It follows from Table 1 that K f < K g . It should be mentioned that the set of coefficients obtained as the result of model calibration (Table 1) could not be the only one. We could also obtain a chemical wave solution at K f > K g . In the last case, the initiation methanogenic area should be spatially separated from the acidogenic area. The effect of mass transfer on the methane production by varying a diffusion coefficient D S is illustrated in Figure 4 . At higher D S , the maximum rate of methanogenesis increases despite the longer lag-phase of methane production (the lag-phase period corresponds to the inhibiting effect of incoming VFA when methanogenesis is suppressed). The higher is D S the longer is the lag-phase. After the lag-phase period, a concentration wave propagation starts (see Figures 2 and 3) . It is known that a rate of concentration wave propagation is proportional to the square root of D.
Case (ii). Strong effect of mass transfer.
The more methanogenic biomass is located in the initiation methanogenic area, the higher D S is required to suppress methanogenesis. Evidently, at a high initial seed to waste ratio with uniformly distributed seed and waste, expansion of the initiation methanogenic areas to the total volume of digester may be quite rapid. But it is definitely not, if this ratio is low. The optimum conditions for solid waste digestion can be reached at a low D S at the beginning and at a higher D S as the process progresses with increasing methanogenic population. By that way the rate of the concentration wave propagation substantially increases in time (Figure 4 ). The described phenomenon may help to interpret the results obtained by Veeken and Hamelers (2000) , who showed that the solids digestion rate could be improved by increasing the leachate recirculation rate. At the initial methanogenic biomass concentrated at the centre of the reactor, a total reaction time in which the waste degraded was shorter than in the case with the initial biomass uniformly distributed in the reactor volume ( Figure 5 ). No concentration wave expansion happened in the last case.
Conclusions
1. The distributed model of anaerobic digestion of solid waste predicts the concentration wave dynamics when biomass waves from some initiation methanogenic area expanded to the total reactor volume. 2. Diffusion-based "acceleration" of methane production in the reactor is possible when the intensity of VFA utilisation in methanogenic area is sufficient for the complete digestion of incoming VFA. 3. In case (ii), the optimum conditions for the solid waste digestion can be reached at low mass-transfer of VFA at the beginning and at higher mass transfer while the process develops with increasing methanogenic population. For case (i), the model showed a low effect of mass transfer on the solids digestion rate. 4. If the initial methanogenic biomass is concentrated at the centre of the reactor, the total reaction time is shorter as compared to the case at which the initial biomass concentration is uniformly distributed over the reactor volume. 
